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A Renormalization Result for the Intersection Local
Time of Lattice Random Walks in 4 > 3 Dimensions
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In this paper we derive some general conditions on stable walks in Z“ under
which the central limit theorem holds for their normalized intersection local
time. In particular, we prove that the process given by the normalized inter-
section local time of the simple random walk in Z9 with 423, is weakly
convergent to the standard Brownian motion.
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1. INTRODUCTION

Let (&,, i= 1) be independent, identically distributed random variables in
Z? on a probability space (2, #, P). Let {X,},5, be the random walk in
Z? defined by

Xn=Zéb V?’Z?l

and {P,} be the probability law of {X,},5. As in ref. 6, we introduce the
following two assumptions on the random walk {X,},,. Let f€(0,2] be
a given constant.

Assumption A,. There exists a function b(n) of regular variation
of index 1/f such that

b—Yn) X, U, n— o
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604 Albeverio and Zhou

where U, is a nondegenerate stable random variable of index § in R and
—9), means that the convergence holds in distribution.

Assumption A,. With P,-probability one, {X,},s, does not stay
on a proper subgroup of Z<.

As explained in ref. 7, one may assume that the function b is
continuous and monotonically increasing from R, onto R,, and that
b(0)=0.

Let {B,},5, be the Brownian motion in R“ on a probability space
(@, #,u), and B,=0. Let

afx, A) = HA 6.(B,—B,)dtds, VAR

where &, is the J-function. There have been many results about the
existence of a(x, 4) (e.g., see ref. 4 and references therein). In general,
a(x, A) is called the intersection local time of { B,} on the set 4.

Let

Im=Y% 3 dX,X)

i=1 j=i+1

Corresponding to the definition of a(x, 4), the random variable I(n) is
called the intersection local time of the random walk {X,},, (or briefly,
the discrete intersection local time) in this paper.

For d =2, there have been many investigations about the renormaliza-
tion for the intersection local time of Brownian motion and random walks
(e.g., see refs. 4, 6, 8, and 10). For d=3, Yor""* obtained a renormalization
result for the intersection local time of Brownian motion by means of some
tools in stochastic analysis and some representations for the intersection
local time a(x, 4).®!¥ More precisely, Yor proved that!¥

(B, (loge™")"'?[2a(0, T€) —1e~'2E|By|7'], t 2 0)
~2 (B,,2'2B,,t20), &0 (1.1)

where {f,},50 is a standard Brownian motion which is independent of
{B,}, and

Te={(x,y):0<x<y—gx,y<t}

If {X,} is the simple random walk in Z>, one can also obtain a renor-
malization result for I(n) by using Yor’s result as above [ie., (1.1)] and
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some estimate (e.g., ref. 1) on the convergence rate of the invariance
principle for the intersection local time (see ref. 1). However, it is difficult
to get a renormalization result for the intersection local time of some stable
random walks and higher-dimensional simple random walks by using the
above approach.

The main purpose of this paper is to derive a renormalization result
for the intersection local time of random walks in Z¢ by using another
approach. This approach is based on Le Gall and Rosen,’” where many
limit theorems are obtained for the range of stable random walks in Z% In
Section 2, we first derive some general conditions on the random walk
{X,} such that the normalized intersection local time can converge
weakly to the standard normal distribution under these conditions (see
Theorem 2.3 below). In Section 3, we check that the simple random walk
in Z% with d> 3 satisfies the general conditions derived in Section 2, and
prove an analogous result to (1.1) for the normalized intersection local
time of the simple random walk in Z¢ with d>3.

At the end of this section, we remark that there is a connection
between the construction of a polymer measure and the renormalization
result for the intersection local time. In fact, one can use the renormaliza-
tion result for the intersection local time of Brownian motion (or simple
random walk) to construct the polymer measure in two dimen-
sions, %1% For d=3, (1.1) (or Theorem 3.4 below) can help to under-
stand the renormalization result for the normalization constant given in the
definition of the polymer measure (see ref. 1, Theorem 1.1, ref. 3, §3, or
ref. 12). We hope our results (see Theorem 3.4 below) can also help to
understand the renormalization result for the normalization constant given
in the definition of the Domb-Joyce model for d >4 (for the definition, see
ref. 5).

2. CENTRAL LIMIT THEOREM

The main aim of this section is to derive a general condition under
which the central limit theorem holds for the normalized intersection local
time of random walks in Z% In this section we continue to use the notation
introduced in Section 1, and assume that all random walks here satisfy the
assumptions A, and A,. Let

Pn(xay)=Px(Xn=y)=P0(Xn=x_y)

For convenience, we first recall some estimates on the transition proba-
bility P,(x,y) (see ref. 7, Proposition 2.4). Let t be the period of {X,}.
Then there is a constant C, &(0, o) such that:
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(i) P,(0,0)=0 if n is not a multiple of 7.
(“) limn—v oo bd(nr) P,".(O, 0) = TPl(O)
(ii) P,(0,x)<C b(n)~7

Let {X,(n)},5o and {X,(n)},>, be independent random walks on
(R, #, P) with the same distribution as {X,} introduced in Section 1, and
X,(0)=X,(0)=0. Let

Bny= 3, Y P(X,())=Xy(}))
i=0 j=0
Then we have the following result.
Lemma 2.1. There is a constant C, e (0, oo} such that
n n 4
E< XX (X)), Xz(j))> <G pHn),  Vnz1l
i=0 j=0

where E is the expectation with respect to P.
Before proving this lemma, let us first recall an elementary property of
b(n) [see ref. 7, (2.2)]:

(iv) The following holds for any given Ne (0, o0):
b(Nn)< O(b(n)), Vnzl

Proof of Lemma 2.1. For convenience, in the following proof we
assume that b(n) is positive for any n>0. It is easy to show that

n n 4
E( S Y sX,(), Xz(m)

i=0 j=0

4
4 E< v L 1ot X))
0<i ’

€< Siagn 0K, jysn k=1

=4! Z Z E(P,(0, X5(/1)) P, _i(0, X5(72) — X5(j)))
Ogi€ - <igsn 0K/, jysn
X Py _ (0, X5(j3) — X3(j2)) Piy— (0, X3(js) — X(J3)))
Let {Tl(j)’ 72(7), T3(J)s T4(j)} = {jl’ J2s J3s j4} satisfy

T (J) < ta(J) S 13(J) < 14())
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Let

Jilx) =P ih— (0, x), k=1,2,3

gk(x)= Ik+|—'k(0 x) k=1a273
and

3
2= 3 .y '1;1| (fi(x:) gi(vd(x)))

where v,-(x)=21 yagx;, aze{—1,0,1}, i,j=1,2,3, and the matrix
(aj)1<ij<3 18 not singular. Note that X,(7,(j)) is independent of
{X3(j))~ X2(Ji), 1 <1, k<4}. By property (iii) we can show that

n n 4
E< Z Z (X (1), Xz(f)))

i=0 j=0
<4! Z Z max Pll—fl(J)(O’ )9
0ii< --- Sig<n 0K, <n?®
< Y > O(b~i) +1.(j)) 2

O0<i<.. - Kigsn 0<S(j) - <swa(j)gn

By property (ii) and the monotonicity property of the function b we can
show that

pn=0( 3 3 b-4i+))

i=0 j=0

Thus, to prove the desired result, we only need to show that for any given
(a;) with the properties mentioned as above

3 3 m+2
<o) ¥ (H TL 6 %iess = ix+ 10 1() = 110

m=1 Nk=1 Il=m
m+2
+ H IT 67k — i+ 110 200) = 1152())
k=1 l=m
3 m+2
+ H H b—d(ik+1_ik+zl+3(j)+TI+2(].))>
k=1 I=m

where 7,,,(J) —7,(j) =14 (J) —~wl(j) if I=3m+k+1 for some
ke{l,2,3}.

To save space, we will prove the above estimate only for the following
case:

vi{x)=x,+x,+x3, U(x) =X, + X3, va(x) =X+ x4



608 Albeverio and Zhou

In fact, by a similar argument one can also prove the desired estimate for
the other cases. In the present case, we have for 7,(j) —7,(j)<i,—i;:

2<Ob M ~1)) Y Poiy—an(0:%1) Y, Pegiy—ain0s X3)
xlsZ" x;ezd

x P, _ (0, %, + x3) Z Pr;(j)—rz(j)(oa X5) Py (0, x5+ x3)
xe2z¢

SO~ iy~ i) b~ N23()) = 12()) + i3 — i) b~ U24(J) = 13()) +is—13))
SOB~ro( ) =1l + = i) b Nvs()) — o)) + i3 —13)
x b~ t4(J) = T3() +is—13))
by properties (iii) and (iv). Note that

Z P‘t:(j)—fz(j)(o’ xz) Z Piz—il(oa X+ x3) Pi4—i3(0, x,)

xeZ4 xyezd
< {O(b(rs(j)—rzu)) i () —1()Zia—i,
SO, —13)) if iy—iz=a(j)—1al))

By property (iv) again we know that the right-hand sides of the above
estimate are less than or equal to

O(b-d(l';(j) —T(j) +is—1i3))

Thus, we have for 7,(j) —7,(j) > i,—1i,

D<Ob~to(j) — 1,(j) + i — 1)) > Py (05 X3)

X1 €

X Z Pra(j)—rg(j)(()} X3) Pi3—i2(0’ X2+ x3)

X3

XZPi2+i|(O’ Xy +x3) Py _ (0, x,)

SO~ Uty =t () + iy — i) bt j) — 7)) + i3~ i)
Xb™Ut3(J) = 1)) +is—1is)) |

This proves the desired result.
Let

o(n) = B~*(n) Eo(I(n) — Egl(n))?

where E, is the expectation with respect to P,.
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Lemma 2.2. Assume that the sequence {a~'2(2"%')}, ., is
bounded. If there are sequences {&(n)},, and {[)’(n)},,>1 and constants
Ny < oo and €€ (0, 1) such that

252(2") B4(2")
&2(2n+1)g4(2n+1)\

1—c¢, Ynz0 2.1)
and

up (L") ,&n)  pn) ﬁ(n)> (22)

&n) o(n)  F(n) ¥ Bin)
then there is a constant C, e (0, c0) satisfying
Eo 12" — EoI(2")]* < C30%(27) f4(27),  V¥n>1

In addition, if

n

Y a2 B2 <O min  («'7(k) BK)),  Vnz1  (23)

k=1

then we have
Eo lI(n) — E,Jn)|* < CyaX(m) B¥(n),  Vn>1
under the same conditions as before [ie. (2.1) and (2.2)].

Proof. The following idea is basically from the proof of ref 7,
Theorem 4.5. For k=0, let

(k+1)n (k+Dn

Ji(n)= 2 Z 5(Xian)

i=kn+1 j=i+1

and
Ry (n)=J,(2") — EoJ(27)
Then,
Ro(n+1)=Ry(n) + Ry(n)
0 2n+l
+ Z Z (5(X,-,X,~)—E05(X,.,Xj))
i=1 j=2"41
Note that

Eq |Ro(n) + R(n)|* S2Eq |Ro(n)|* + C, f4(2") 2?(2")
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for some constant C,e(0, c0). By Lemma 2.1, there is a constant
C5 (0, o0) such that
(Eo |Ro(n+ 1)|*)/* < (Eq | Ro(n) + Ry(n)| )"
o gnl 4y 1/4
HE(L T o x)-Eax 1)) |

i=1 j=2"41
S [2E, |Ro(n)]* + Cof4(27) 23(2") 14 + C5 B(27)
Hence, we have for some constants C; and Cse (0, o)
[&=22"+ ") F=4(2"+") Eo |Ro(n + 1)|*]
<( 2&2(211 ’34(211)
dz(2"+l)ﬁ4(2"+l)
+C’5(X._1/2(2"+1)

- 1/4
&-2(2") F42") Eo |Ro(n)|* + ca)

By our hypothesis on {«(2")} and (2.1) we can show that there is a
constant Cge (0, 00) such that

[&—2(2n+l)ﬁ—4(2n+1) EO IRO(n+ 1)[4]1/4

<[(1—e)&~22") F=%(2") Eq |Ro(n)|* + Cs1'*
Thus, by induction one can easily show that
Ey [Ro(n+ DI*< C,@2"* ") Y2+, vnz1

for some constant C, e (0, o).
Now we assume (2.3) holds. For any k=1,.,2"—1, there are
loses 1,_1€ {0, 1} such that
n—1
k=Y 12

i=0
Then, from the argument given before we can see that
[Eo (12" + k) — EoI(2" + k)|*]'4
< O(a'(2") B(2") + [ Eo | 1(k) — Eg I(k)|* 1"/
By induction we can show that

n—1
[Eo |I(k) — EoI(k)|*]1* < 3 1,0(a'%(27) B(29)

i=0
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In fact by our hypothesis (2.3) we know that
[Eo(J(2" + k) — Eo(2" +K))*1"* < O(a' (2" + k) B(2" + k)
and this implies the desired result, completing the proof of Lemma 2.2. ||

The main result in this section is as follows.

Theorem 2.3. Assume that (2.1) and (2.2) are satisfied, and the
sequence {a~'2(2"*!)},., is bounded. If there is a sequence {m,},.o
such that m,e[1,n], Va2 1, lim m, = oo, and

n— o

- e, 222"
I=1
nan!o ﬁ(Z" _'"n) 2m;,/2a1/2(2n —m,,) =0 (24)

then the following holds:

1(2") — Eo1(2")

(d)
ﬂ(zn-m,.) 2m,,/2a1/2(2,,__m") —_— N(O, 1), n— o0

where N(0, 1) is a random variable with the standard normal distribution.
Proof. Let
T(Lk,n)y=[(2k—2)2""", (2k—1)2"""Ix [(2k=1)2"""'+ 1, (2k)2" ']

m 2=1

4,m= U TU kn)

I=1 k=1
and
J(m’ n)= Z 5(Xis X/)
(1. ) € dmin)
Then, we have
2Mn— |
12" =3 J(2"""™)+J(m,, n)
i=0

where
‘]0(2" - mn)a'"y JZ"’n -1 (2" _mn)

were defined in the proof of Lemma 2.2. It is clear that the random
variables

J0(2n_m"))"-7 J2’"n— l(zn—mn)

822/80/3-4-8



612 Albeverio and Zhou

are independent identically distributed, and there is a constant Cg e (0, 00)
such that

(EO IJ(mrn n) —EOJ(mrn n)|2)1/2

mp 1/2
<Y 2¢=bH2var < Y ax,, Xj)>

=1 (i, eT(,1,n)

. an—1 an-l 2\ 1/2
<¥ 202 (E(T T a0 x0) )

I=1 i=0 j=0

<Gy 3 27 (25)
i

=1
by Lemma 2.1. Thus, the desired result follows from the following
convergence:
e (20 = EoJi(2"™) )
—
ﬂ(zn—m,,) 2m,./2a1/2(2n—m,.)

N(0, 1) (2.6)
We now prove (2.6). Note that [we denote Ey(J — E,J)? by Var(J)]

2y — 1 2
E( 5 [J,(z"-'"~)—EoJ,-<2"-'"")]>
i=0

2Mn—1
= ), Var(J,(2"~™))

i=0

= 2m,,ﬂ2(2n—m,.) a(zn—m,,)

Thus, to prove (2.6) we only need to prove that the Lindeberg condition
is satisfied,® ie.

2 — 1
lim {[ x? dF,(x)]
n—+ow i=0 ‘x|2Ezmnﬂﬂ(zn—m")mlﬂ(zn—m")
/[2'"",32(2”_""') 0.(2"_'"")]—]}=O, V8>0 (27)

where F;(x) is the distribution function of J,(2" ™) — E,J,(2"~""). Indeed,
by Lemma 2.2 we know that

2Mn — |
Eq |J,(2" ™) — EoJ (2"~ ™)|*
i=0

i=

< C32™a(27 ™) fH27 ™) (2.8)
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Using this, we can see that Lyapunov’s condition is satisfied with § =2 (see
ref. 2, 27.16). Therefore the Lindeberg condition (2.7) is satisfied (see ref. 2,
p. 312). Thus, (2.6) is proved, which completes the proof of Theorem 2.3

3. WIENER PROCESS BEHAVIOR

In Section 2 we derived a general condition under which the central
limit theorem holds for the normalized intersection local time of some
lattice random walks. The main aim of this section is to show that some
random walks in Z7 satisfy all assumptions given in Sections 1 and 2 if
d>=3. Since there is no nice estimate [as in (a)—(c) below] for the
transition probabilities of a general stable random walk, we are unable to
get a desirable estimate for the variance of the random variable I{n) [ie.,
Var(f(n))] as in Lemma 3.1 below. Nevertheless, our approach given in the
proof of Theorem 3.4 below is in principle suitable for some stable random
walks with some symmetric properties. For simplicity, in this section we
restrict our attention to the case of simple random walks. We always
assume that {X,} is the simple random walk in Z? We first recall some
results on the transition probability of the simple random walk in Z¢ Let

_ d df2 dlxlz
an-z(%) e"P(‘T)

Then we have the following properties.

(a) There is a constant C;e(0, 0) such that (see ref 5,
Theorem 1.2.1)

|P(0, x) = P,(x)| < C,n~+D72
[P0, x)—P,(x)| < C, x| 2n~%

if P,(0, x)>0.
(b) There is a constant C, € (0, oo) for any given a e (1/2, 2/3) such
that (see ref. 5, Proposition 1.2.5)
IPn(O’ x) _'P_n(x)l < C2n3a_2pn(x)

if |x] <n»n* and P,(0, x) >0.

(c) There is a constant C,e (0, c0) such that for |x|>n [see ref. i,
§41)]
Pn(o’ x) < CBFnd(x)
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Lemma 3.1. (i) For d=3, the following holds:
Var(I(n)) = O(n log n)
(i) For d=>4, there is a constant k€ (0, co) such that

lim Var(I(n)) _

n-— oo n

kq

Proof. (1) The following proof is adapted from the proof of ref. 4,
Proposition 6.4.1. Let

qliy, Jis B2, J2) = Po(X(iy) = X(J1), X(iz) = X(J2)) —p), -4, Pj—s,
where p,= P,(0, 0). Let

L= Z q(iys Jrs B2, Ja)
1<ijSh<jy<jj<n
L,= Z q(iy, j1s 12, J2)

I<i<h<ji<h<n
It is clear that
L[ <Var(1(n)) SLI +L2
As in the proof of ref. 5, Proposition 6.4.1, by using the Markov property

and property (a), one can show that for some constants C,, Cs€ (0, o0)

L= Z ij_iZ(pjl_il_(jz_iz)_pj!—il)

1<SiySih<ih<jsn

<C, ) ((ja=i) ™2 [1+ O((ja—i) 1]

1<i| << jr<jj<n
x[(ji—i—(ja—i) +117¥2[1 +O0((ji—i,—(ja—i)+1)™H]
— (=) 7P+ 0 — i)™ )]

<Cs Y (o= i)~ —i) T L — i = (o — i) + 1] 72

lsil<i2<j2<j,sn
+(Ja— i) L~ i — (Ja— )+ 1) 72 + (i — i) ~32])
< O(nlogn)

In fact, one can also get

L,>0(nlogn)
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We now consider L,. Assume i, <i, < j, <j,. By property (a) we can show
that

P, (0, x)< P, (0)[1+ O(n~")]
Thus, if j,—j, =i, —i, and p;_; >0,

Po(X(iy) = X(jy), X(i2) = X(j2))
=Po(X(j, —1) =0, X(i,—i,) = X(j, — 1))
=Eo(Ix(j, —ipy =0y Pjy—;(X(J1 — iy), X(iz—1i)))
<P,_;(0) p;_i [140((j—Jj1)™H)]

and, if j,—j, <i;—i, and p; _; >0,

Po(X(i)) = X(J1), X(iz) = X(j5))
=Py(X(j—1,) =0, X(j, — i) = X(j,— J1))
<Fi2—i,(0) pj,— o1+ 0((ia—1 + 1H™H]

Therefore, we have for some constants Cq, C,€(0, o0)

LZS Z CG{I(jz—fl?iz—i|}

I<iisihsji<jpsn
X(ji =i+ D)7 — 1) T = (a— i) 72+ O((ja— J1) )]
+I(j2—j,<i2—i,}(j2—i2)~3/2[(iz—i1 +1)7%?

— (i —i) T+ 0 — i+ 1))}
n n—f) n—ij—ih n—f—ih—j

<C, Z Z Z Z {I("z<iz)

=0 i,=0 ;=0 h=1
X (Jy+ i+ V)7L R0+ ) "+
s iy + I+ D72+ D)2+ i) 7 i+ 1)
+ (i, +1) 7321}

< O(nlogn)

Combining the above estimates, we can get the desired result.
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(11) Without loss of generality, we may prove the desired result only
for d=4. Let

m—1 1/2
A1=<Var (I(nm)— y J,-(n)))
i=0
mm+k (nm)vi 172
A2=<Var< Y Y X, X,)))

i=1 j=mnm+1

where J;(n) was defined in the proof of Lemma 2.2. Then, we have for any
given n,m>=1and k<n—1

Var(I(nm+k))'> <m'? Var(I(n))"* + 4, + 4,
As in the proof of Lemma 2.1, we can show that
A, < Var(I(k))'”* + O(log(nm))
By a similar argument as in (i) we can show that
Var(I(n)) = O(n)
Thus, we have for k<n—1
A, < OI(n)} + O(log{nm))

We now consider 4;. For simplicity, we only consider a special case:
n=2" m=2". In this case,

Ay =J(ny, n +my)

where J(-,-) was defined in the proof of Theorem 2.3. By induction we
have

[onz(nn m +m1)]l/2< [onz(nl —-1,n +m1)]l/2

+ <2nlil Var ( Y (X, Xj)>>l/2

k=1 (i.j) e T(m k,m + my)
S[EJ(n—1,n+m)]'?+ 02"~ m))

< O(mlzm/l)
In other words, we have

A< 0" logm)



Lattice Random Walk 617

Therefore, we have for n, m>1 and k<n—1
Var(I(nm + k))'\? <m'” Var(I(n))'? + O(n'”? log m) + O(log(nm))
which implies that

Var(I(nm + k) _Var(I(n))'? log m log(nm)
(nm)1/2 < nl/z +0< m1/2 > 0<(nm)1/2>

Using this, we can show that

I 172 I 12
lim sup w £ lim inf Xa&(n%’?)——

m— m n—
Hence, there is a constant k, e (0, oo} such that

fim Y2 _

n— nl/z

which proves the desired result.
Lemma 3.2. Let us write X,=(X.,., X% eZ Vn>=0. Then the
following holds for any k=1,..., d:
Ey( X, - (I(n) — EoI(n)))
n'2a'”(n) B(n)

Proof. Note that E,X% =0, and that for 1 <i<j<n
Eo(6(X;, X)) I x, =)
= Z Py(X,=y) PO(Xj—-i=O’ X,_i=x—Y)

yezd

= ) Py(X;=y) Po(X;_;=0) Py(X,_;=x—y)

yeZd

=pj—i'P0(Xn—j+i=x)
Then, we have

Ey(X5(I(n) — EoI(n)))
= Zl Z lpj—iEOXﬁ—j+i_E0X:EOI(n)
i=1 j=i+

=0

which proves the desired result.
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Remark. Here we have used the symmetry of the simple random
walk {X,}. We do not know how to extend the conclusion of Lemma 3.2
to a general random walk.

For any given n>1, we let {(n,(k, n),..., 74, (k,n)}, <r<. be inde-
pendent, identically distributed random vectors on the probability space
(2, #, P), and assume lim,, _, ., ,(n) = 00, where

a,?(n)=Var< y 17,-(k,n)>, i=l,.,d+1
k=1

Note. Here we do not assume that the random variables
n(k, n),..., n44(k, n) are independent for any given k<n and n>1.

Lemma 3.3. Assume that for i=1,..,d+1

lim 3 (n.(k, n)— Eni(k, n))*/o3(n)=0 (3.1)

n—c0
It the following holds for any 1 <i<j<d

11m E(ZZ:] ”i(k’ n) * ZZ=1 ”j(k7 n))
n—co o;{n)-o;(n)

=0 (32)

then we have

<22=1 (milk, n) —Eny(k, n))  Xkoy (Mavalks 1) — 44,0k, n))>
a(n) Gur1(n)

Dy Nyn(0, 1)

as n — o, where N, ,(0, 1) is a random vector in R?*! with the standard
normal distribution.
Proof. For any given t,,..,t,, € R', we let
d+1
n(k, n) = Z tn:(k, n)jo;(n)
i=1
By (3.1) we know that the Lyapunov condition® is satisfied, ie.,

lim E Y |n(k, n)— En(k, m)*=0

k=1
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which implies that the Lindeberg condition is satisfied.*” By (3.2) we can
show that

n 2 d+1
lim E<z (n(k, n)—En(k,n))> -y e
no e k=1 i=1
Thus, we have

Yr—1 (n(k,n)— En(k, n))
e

9 N(0,1), n—oo

by the Lindeberg condition for the central limit theorem.® Let

d+1

Bty ron Lass) = Eexp (i Y Llom]~' Y [m(k,n)—Em(k,nn)
I=1 k=1

Then

Gultyses tyy 1) = Eexp <i Z [n(k, n)—Err(k,n)]>
k=1

—exp(— (7 + - +13. ), n— oo

In other words, ¢, converges to the characteristic function of N, ,(0, 1) as
n— oo. From this we get the desired result. ||

To state the next theorem, we first introduce some notations. For each
n>1, we construct a process X™ e Cy([0, o) = R9) as follows. Let

X2 =27"K,,  i=0,1,2,.
and X' be linear on [(i—1)27 " i2 "] for i=1, 2,.... Let

[im]  [n]

ILmy=3% Y 64X, X))

i=1 j=i+1

Theorem 3.4. (i) For d=3, there are a sequence {u(n)} and a
constant M e[ 1, co) such that

M7'<u(n)< M, Vn>1

and

<X(n)(t) I(t9 n) _ EOI(ta n)’ > 0>

*n'?(log n)'2 u(n)
9, (B,,B,,t=0), n-oow (3.3)

where (B,, B,, t >0) is the standard Brownian motion in R*.
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(1) For d=4, there is a constant k,€ (0, oo) such that

I(t,n)— EyI(t,n)
nllzkd

(X‘"’(t), , t>0>

D, (B, B,,t20), n-owo

where (B,, #,, t=0) is the standard Brownian motion in R+,

Note. In fact one can show that the sequence {u(n)} in Theorem
3.4(i) can be chosen to be u(n) =2'(2x)~!, Vn> 1.

Proof. (i) By Lemma 3.1 and a sample calculation we can show that
B(n)=0(n'?),  «(n)=O(logn)
Let &(n) =log n, f(n)=n'?, and
u(n) =&(n) "2 B(n) = o (n) B(n)
Then we have
um)=0(1), n>1

It is easy to show that the simple random walk in Z? satisfies all assump-
tions given in Lemma 2.2. For simplicity, we only prove that the desired
result is true if the sequence {#n} is replaced by the sequence {2", n>1}. In
order words, we prove that

i I(ts 2")
(X(z Y1), P log 2} a(27)’ t> 0)

D (B, B, 120), n-oow (3.4)
where
I(1,2") = Kt, 2") — Eo (1, 2%)

In fact, the idea to prove (3.3) is the same as that to prove (3.4), it is just
that for (3.3) more notations have to be introduced.
First, we prove that for any fixed 1 >0

Iz, 2"
4 2n/2(10g 2n)l/2 u(2n

<Xm,(,) ))—“ﬁ»(B,,/f,), n— oo (3.5)
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Let m, =log, n'*, ¥n > 1. Then (2.4) holds with this choice. Let

- [12Mn]) —1
J,n)= Y [J(2"~™)— EgJ (2" ~™)]

i=0
From the proof of Theorem 2.3 we see that (3.5) follows from

P ) J(1,n)
2m,,/2 4 /9(2" —my) 2"'"/2(1”2(2"_'"")

)ﬂ» (B,B), t=0 (36)

where
(i 1)2n—mn
E&my= ), 27mmRE, = (El(n), E3(n), E}(n))
k=i2"n+ 1

We now use Lemma 3.3 to prove (3.6). Let

[r2my—1

af(t,n)=Var( Y éﬁ(n)), 1=1,2,3
i=0

Then
ot n)=12"[1+0(1)]

It is easy to show that

[2mn] —1
Ej |&i(n) — Eo&i(n)|* < O(12™)
i=0

ie
Hence

[r2™] ~1

lim Y o Y6 n)E, ()~ Eli(n)|*=0, [=1,2,3

n— oo .
i=0

Moreover, we set

[2]—1
ai(t,n)=Var< J,~(2"""")>
i=0

i=

As in the derivation of (2.8), we can show that [ the following estimate was
shown in (2.8) to be true for r=1]

[2"] —1
Y E(Ji(2" ™) — EgJ (27 ™))

i=0
< t2m,,ﬁ2(2n—m,,) (x_(zn—m,,)

<27 m™gi(t, n)
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Using this, we can easily show that

[r2™n] —1 EO(J,-(Z"—'"")—EOJ,(Z"_"'"))4_

lim )

n—o [/, Ji(t, n)

0

Thus we proved that the conditin (3.1) is satisfied.
As in the proof of (2.5), we can show that

Eo1X! p(T(2,2) = J(t, n))| < O(m,, - 272)(Eq | X} o |1)1?

Then by Lemma 3.2 we know that

[e2n] —1 .
lim (2'"n“/2E0 ( Eln) J(t, n)))
n— oK i=0

= lim (270 PE X} - (12, 2") — EoI(1,27))) = 0

n-— o

which proves that the condition (3.2) is satisfied. Therefore, by Lemma 3.3
we have

< S J(t, n) )

tl/2 2m,,/2 b4 tl/2ﬁ( 2n—m,,) 2m,,/2 al/2(2n—m,,)
(d) N 0.1
— 3+ l( ’ )s n—

which proves (3.6), and so the proof of (3.5) is complete. Similarly, we can
show that for ¢, <1,

. o J(t,, n) = J(t,, n)
2" __yn

<X (tz) X (tl)’ ,3(2"_'"") 2m,,/2 al/Z(zn—m,,))

D (B, s By  R— (3.7)

Finally, we prove (3.4). In fact, we only need to show that for any
O=to<ti<t,< - <t <0, Vk=1,

I(z,, 2")
211/2(10g zn)) 172 u(zn) 3

<X‘2"’(t,), 1<ig k>

D (B, By 1<I<k), n—>o0



Lattice Random Walk 623

To prove this, it suffices to prove that

T(tla 2") _T(II—I’ 2")
2"2(log 2")}2 u(2") ’

<X‘2">(z,) _x®,_), I slsk)

9 (B,—B,_,By—B, ., 1<I<k), n-oow
As in the proof of (2.5), we can show that

7(th 2") _T(tl—la 2")_‘7(1‘1’ n) _‘7(t1—la n)
211/2(10g 21:)1/2 u(zn) 2:1/2(10g 2n)1/2 u(zn)

0 "’0, n— o0

Thus, it suffices to show that

o " .7([,}1)—.7([_ ’n)
(X(Z (1) — Xt ), 2"/21(108 2,,)1/; u1(2")’ 1 <l$k>
2 (B,— By, By—Bu_ 1<I<k),  n> oo (3.8)

It is clear that the random vectors
(X)) =X, ), Jty,n) = K1,y n), 1<I<k)

are independent. Hence, (3.8) is actually an immediate consequence of
(3.7). Since the tightness can be easily proved to be true in this case, we get
the weak convergence (3.3) from (3.8).

(ii) Here we choose m,=n'? ¥n>1,

and

- log n, d=4
ﬂ(n)_{l, d>5

We define u(n) as in the proof of (i). Then, by Lemma 3.1(ii) we can show
that

lim w(n)=k,

n— ¢

for some constant ke (0, co). Thus, by a similar argument as in the proof
of (1), part (ii) follows.
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